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In this paper we analyze the impact of the boundary conditions on the solutions of the γ-structure
equations for magnetized Bose–Einstein condensate stars (BECs). We consider two cases: a pure
BECs and a BECs embedded in a magnetic field. Since they correspond to different physical
situations, they lead to different numerical behavior, having important effects on the stability of the
solutions as well as on the observables of the star. The differences between the mass–radii curves
obtained in each situation are presented and discussed.
PACS numbers: 98.35.Eg, 03.75Nt, 13.40Gp, 03.6
I. INTRODUCTION
Compact objects are explained by quantum principles. The most common is to suppose that they are com-
posed of degenerated gases of fermions, whose Fermi pressure –a consequence of the Pauli exclusion principle–,
counteracts the collapse. But a degenerated boson gas, despite the fact that its pressure is very small due
to Bose-Einstein condensation, can also counterbalance gravity due, ultimately, to Heisenberg’s uncertainty
principle.
First theoretical works related to stars fully composed of non-interacting bosons appeared in the sixties of
the last century [1]. Nevertheless, these models were unattractive from the compact objects point of view, since
they give extremely light objects whose properties cannot be connected to any observed star. Typical masses of
fermions stars scale as Mcrit ∼ M
3
PL
m2
1, while for bosons Mcrit ∼ M
2
PL
m , being m the mass of the individual particles
[2]. For fermions (bosons) stars make of particles with the nucleon mass these expressions give Mcrit ∼ 0.7M
(Mcrit ∼ 10−20M). Maximum masses of boson stars can be increased by adding interactions between the
particles [3]. However, those stars models should wait until the beginning of the new millennium to have an
astrophysical revival led by the achievement of the BEC [4] and the BEC-BCS crossover in lab [5–7], besides
the adjustment of the observational cooling data of the neutron star of Cassiopeia A [8–10].
The combination of those three facts have suggested that neutrons inside neutron stars (NS) cores might be
forming spin one pairs that, under certain conditions, behave as effective vector bosons (see. Refs. [11, 12] for
a more detailed explanation). Therefore, at some stage of their evolution, the inner shells of NS could be fully
or mostly composed by this matter, an statement that give birth to the Bose–Einsten condensate stars (BECs)
as an alternative model to NS core. A BECs is a star fully composed of interacting bosons formed by the spin
parallel pairing of two neutrons. These particles counterbalance gravity with the pressure that comes from their
interactions, whose strength determine the maximum mass of the compact object, that can be as high as the
nowadays desirable two solar masses [11, 13].
Since neutrons stars are well known for being strongly magnetized objects [14], in a previous work we incor-
∗ gquintero@fisica.uh.cu
† aurora@icimaf.cu
‡ hugo@icimaf.cu
1 MPL =
√
hc
G
is the well-known Plank mass that depends on universal constants.
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2porate magnetic field to the BECs description [12]. In our model, magnetic field is always in the z direction,
B = (0, 0, B), and its intensity B might be constant or density dependent along the star. The main micro-
scopic effect of B on the boson matter is the splitting of the pressures in two components, one parallel and
the other perpendicular to the field direction, giving rise to anisotropic EoS [12]. In order to take into account
this anisotropy, the stable configurations of magnetized BECs were studied using the γ-structure equations for
axially symmetric objects [12, 15], and supposing pure stars, i.e. that all the matter and the magnetic field in
the system are confined inside the compact object and therefore the pressure is zero at its surface.
We obtained that magnetized BECs are less massive and smaller than the non-magnetic ones, being these
effects more relevant at low densities. However, we did not analyze the influence that varying the boundary
conditions might have on the solutions of γ–structure equations. Boundary conditions encloses the physical
information about the star surface and surroundings, or about the next layer of matter in the case we deal with
a more complex model of a star formed by several shells of different composition. From a mathematical point
of view, using one or another boundary condition might lead to different numerical results and even to different
qualitative behaviour. For that reason, the goal of this work is to analyze the impact of boundary conditions
in the mass–radii curves of magnetized BECs.
The paper is organized as follows. In Section II we summarize the EoS of magnetized BECs for the case of
uniform and constant magnetic field, and the γ–structure equations. In Section III the γ–structure equations
are solved for two boundary conditions and the results are compared. Section IV is devoted to conclusions.
II. MAGNETIZED BEC STARS
A star fully composed of a degenerate gas of interacting neutral vector bosons of mass m and magnetic
moment κ, under the action of a constant and uniform magnetic field, is described by the EoS [12]
P‖ =
1
2
u0N
2 − Ωvac − B
2
8pi
, (1a)
P⊥ =
1
2
u0N
2 − Ωvac −BM+ B
2
8pi
, (1b)
M = κ√
1− bN, (1c)
E =
1
2
u0N
2 +m
√
1− bN + Ωvac + B
2
8pi
. (1d)
Eqs. 1 contain the dependence of the parallel and perpendicular pressures, P‖ and P⊥, the magnetizationM,
and the internal energy E on the particle density N and the magnetic field b, with b = B/Bc. Bc = m/2κ '
1019 G is the value at which the magnetic energy becomes comparable with the rest energy of the particles.
Due to the assumptions of our model, m and κ are twice the neutron mass and magnetic moment respectively.
The term u0N
2/2 that appears on the energy and the pressures stands for the boson-boson interaction u0 =
4pia/m. Since m is fixed, the strength of the interaction will be uniquely determine by the scattering length a,
whose values are in the range of one to few tens of fermi [11, 13]. In these references it was also shown that a
greater a implies stiffer EoS, and consequently heavier and larger stars.
The terms B2/8pi in Eqs. 1 accounts for the magnetic field energy and pressure while the quantity Ωvac
depends only on m and b and reads [16]
Ωvac =
m4
288pi
{
b2(66− 5b2)− 3(6− 2b− b2)(1− b)2 log(1− b)− 3(6 + 2b− b2)(1 + b)2 log(1 + b)} . (2)
The anisotropy in the pressure of the magnetized BECs is shown in the upper panel of Fig. 1 for some typical
values of the mass density ρ = mN , the parameter a and the magnetic field. At the lower densities, when ρ
decreases, P⊥ tends to the constant value B2/8pi, regardless the strength of the interaction (the value of a),
while P‖ becomes negative due to the joint contribution of the terms −M and −B2/8pi. At a fixed value of
the magnetic field, the increase of the density practically erases the difference between the pressures. However,
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FIG. 1: Upper panel: parallel and perpendicular pressures of the BECs as a function of baryon mass density ρ = mN ,
for several values of a and B. Lower panel: the parameter γ of Eqs. 3 for the EoS Eqs. 1 and several values of a and B.
the anisotropy at low densities provoke changes in the masses and radii of all the stellar sequence as has been
shown in Refs.[12, 15] for BECs and white dwarfs respectively.
To take into account the anisotropy in the pressure when computing the mass-radii curves of the magnetized
BECs, in [15] we built an approximated set of structure equations –the γ–structure equations– that describe
spheroidal compact objects provided they are not too far from the spherical shape. These equations read
dM
dr
= r2
(E‖ + E⊥)
2
γ, (3a)
dP‖
dz
= − (E‖ + P‖)[
r
2 + r
3P‖ − r2 (1− 2Mr )γ ]
γr2(1− 2Mr )γ
, (3b)
dP⊥
dr
= − (E⊥ + P⊥)[
r
2 + r
3P⊥ − r2 (1− 2Mr )γ ]
r2(1− 2Mr )γ
, (3c)
where M(r) is the total mass enclosed in the spheroid of equatorial radius r and, at each integration step, E‖
and E⊥ are computed using the parametric dependence of the energy in each pressure derived from Eqs.(1).
The parameter γ = z/r parametrizes the polar radius z in terms of the equatorial one r and accounts for the
axial deformation of the object through the ansatz γ = P‖c/P⊥c [15].
Lower panel of Fig. 1 shows γ as a function of the star central density for the EoS depicted in the upper
panel. In the region of high density, γ is almost 1 –the star is little deformed– while as ρc decreases, γ also
diminished, reaching the value γ = 0 when P‖ = 0. The decreasing of γ is faster when the interaction is weaker.
Since γ ' 1 is a requirement to obtain the γ–structure equations, in the following we only consider solutions of
Eqs. 3 with γ ≥ 0.8 [15]. According to Eqs. 1, for a fixed value of the magnetic field, e.g B = 5×1017 G, γ ≥ 0.8
is equivalent to the lower bounds on density ρc ≥ 9.32 × 1014g/cm3 (a = 5 fm) and ρc ≥ 1.91 × 1015g/cm3
(a = 1 fm).
To calculate mass-radii curves for a given EoS, Eqs. 3 are integrated starting from the initial conditions
Ec = E(r = 0), P‖c = P‖(r = 0), and P⊥c = P⊥(r = 0), where Ec, and P⊥c and P‖c are taken from the EoS,
until the boundary conditions over the pressures are fulfilled. So far, we have done this process by requiring
P‖(Z) = 0, (4a)
P⊥(R) = 0, (4b)
4being Z and R the polar and equatorial radii of the star respectively [12, 15]. These boundary conditions means
that we are constructing a pure compact object, i.e. all the fields that compose the system are contained inside
the star.
However, a usual observed magnitude for magnetic stars is precisely their surface magnetic field. Then, it is
to expect that only the matter contribution to the pressures and energy density goes to zero at the surface of
the star, while the magnetic field contribution remains finite. Therefore, to demand that
P‖(Z) = −B
2
8pi
, (5a)
P⊥(R) =
B2
8pi
, (5b)
are more realistic boundary conditions for magnetized compact objects. They mean the star is embedded
in what is known as an electro-vacuum, a region without matter where only survive the magnetic field [17].
Nevertheless, it is important to remark that this condition is not equivalent to consider a magnetosphere which
in general is a more complex structure.
III. EFFECTS OF THE BOUNDARY CONDITIONS ON THE MAGNETIZED BECS
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FIG. 2: Upper panel: The star masses versus the central mass density for B = 0 and B = 5 × 1017 G with the pure
star (PS) and the electrovacuum (EV) boundary conditions. The dots signals the points at which M = mN for each
curve.Lower panel: the corresponding mass-radii curves.
In this section we show the results of integrating Eqs. 3 with the EoS Eqs. 1 and the boundary conditions
Eqs. 4 and 5. We choose B = 5 × 1017 G to do the plots. The B = 0 curves appears in all the graphics as a
reference.
The curve of the star mass versus the central mass density for the pure star (PS) and the electro-vacuum
(EV) boundary conditions have been depicted in upper panel of Fig. 2. The presence of the magnetic field
reduces the star masses [12, 15], an this reduction is higher in the case of a pure star. But with respect to the
B = 0 curves, the shape of the magnetized stars curves are not so different, beyond the lower bound imposed
over the central densities by the condition γ ' 1. Nevertheless, we should keep in mind that not all the stars of
the curves depicted in upper panel of Fig. 2 are stable solutions of Eqs. 3.
On one side, the usual criterion for stability against radial oscillations for TOV–like structure equations
requires dM/dEc > 0 [15], which for our EoS is equivalent to dM/dρc > 0. Therefore, the stars in the regions
5where the M vs ρ curves are decreasing should be discarded. On the other hand, for each value of B, there
is a central density above which the gravitational mass of the star M becomes larger than its baryon mass
MB = mN , being N the total number of bosons in the star. The points at which M = MB are marked with
a solid dot for each curve in upper panel of Fig. 2. At the left of the dots M < MB and the stars are stable.
But at the right M > MB , corresponding to stars configurations that are unstable against its dispersion into
free particles at the infinity [2]. Therefore, this parts of the curves should be also discarded.
In the lower panel of Fig. 2 we show the mass–radii curves for the stable stars of the sequences depicted in the
upper panel. As can be appreciated from this plot, the electro-vacuum boundary conditions produce heavier
and larger stars than the pure stars ones. These effects increase when the particle–particle interaction grows.
For a = 1 fm, when varying from the PS to the EV boundary conditions, the maximum mass increases in a
0.6% while the corresponding radius augments in a 1.2% (in this case the anisotropy is negligible and for all the
practical purposes the star is spherical). In the case of a = 5 fm, however, the increase in the maximum mass
an its corresponding radius are of a 3% and a 10% respectively.
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FIG. 3: The stable stars ellipticity versus the central mass density for B = 5× 1017 G with the pure star (PS) and the
electro-vacuum (EV) boundary conditions.
On the other hand, as shown in Fig. 3, the boundary conditions does not affect the relatively deformation
of the stars. This happens because for the γ–structure equations Z = γR. Therefore the ellipticity e =
(R− Z)/((R+ Z)/2) [18] reduces to e = 2(1− γ)/(1 + γ), i.e. only depends on the EoS.
IV. CONCLUSIONS
We analyzed the impact of the boundary conditions on the solutions of the γ-structure equations for magne-
tized Bose–Einstein condensate stars by considering two cases: a pure BECs (PS) and a BECs embedded in a
magnetic field (EV). Each of this boundary conditions corresponds to two different physical situations and the
use of one or the other modifies the masses and radii of the stars in a way that:
• The overall behaviour of the mass vs density, and the mass radii curve of the magnetized BECs is not
affected.
• There are less stable stars when using the EV boundary conditions.
• The use of EV boundary conditions gives heavier and larger stars. Those effect increase with the strength
of the interaction, as can be noticed from the plots but also by comparing the maximum masses and the
corresponding radii of the stars.
6• Although the EV stars are bigger than the PS ones, the relative deformation is the same, since for the
γ–structure equations the ellipticity only depend on the EoS.
Besides of that, as a general conclusion we can state that the observables of the star might be drastically
changed when the boundary conditions are varied. Thinking of BECs as an alternative model for NS cores,
our result implies that, although in a NS the core accounts for most of their volume and mass, the observables
would also depend on the properties of the rest of the layers in a non negligible way.
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